The aim of this work is to prove that does not exist complex structures on nilpotent Lie algebras of maximal class (called also filiform).
Preliminaries
The study of invariant complex structures on real connected Lie Groups is reduced to the study of linear operator J on the corresponding Lie algebra which satisfies the Nijenhuis condition and J 2 = −Id. When the Lie algebra is an even dimensional real reductive Lie algebra then from the work of Morimoto [M] , such a structure always exists. On the other hand, there exist solvable and nilpotent Lie algebras which are not provided with complex structure. Some recent works present classifications of nilpotent or solvable Lie algebras with complex structure in small dimensions (dimension four for the solvable case ( [O] ) and six for the nilpotent case ( [S] ). As every six dimensional nilpotent Lie algebra does not own complex structure, we are conducted to determine the classes of nilpotent Lie algebra which are not provided with such a structure.
Let G be a real Lie group and g its Lie algebra. For simplify, we will say that J is an invariant complex structure on the Lie algebra g.
The real subunderlying vector space V to the Lie algebra g can be provided with a complex vector space structure by putting (a + ib) v = av + bJ (v) ∀v ∈ V We note by V J this complex vector space. We have dim C V J = 
Let us remark that (3) implies (2).
If J is bi-invariant, then V J is a complex Lie algebra, noted g J , because in this case we have [(a + ib) X, ((c + id) Y ] = (a + ib) (c + id) [X, Y ] 2 Decomposition associated to a complex structure
Let J be an invariant complex structure on the real Lie algebra g. We can extend the endomorphism J in a natural way on the complexification g C = g R ⊗C of g. It induces on g C a direct vectorial sum
where g εi C = {X ∈ g C / J(X) = εiX} , ε = ±1 The Nijenhuis condition (2) implies that g εi C is a complex subalgebra of g C . If σ denote the conjugation on g C given by σ (X + iY ) = X − iY , then
Proposition 2.1 Let g be a 2n-dimensional real Lie algebra. It is provided with an invariant complex structure if and only if the complexification g C admits a decomposition
where h is a n-dimensional complex subalgebra of g C .
If J is a bi-invariant, the condition (3) implies that g εi C is an ideal of g C . In fact if X ∈ g εi C and Y ∈ g −εi C we have
Proposition 2.2 Let g be an 2n-dimensional real Lie algebra. Then g admits a bi-invariant complex structure if and only if the complexification g C is a direct sum of ideals I and σ (I) :
Example. Let g be the 4-dimensional real Lie algebra defined by
the other non-defined brackets being zero. The endomorphism J given by
satisfies (1) and (2) and defines an invariant complex structure on G. The subalgebra h of g C = g ⊗ R C is generated by
and σ (h) is generated by
We can note that h and σ(h) are abelian subalgebras of g C . This structure is not bi-invariant because h is not an ideal of g C .
3 Bi-invariant complex structures
Nilpotent case
Let g be a 2n-dimensional real nilpotent Lie algebra with a bi-invariant complex structure. Then g C = I ⊕ σ(I) where I is a n-dimensional complex ideal of g C . This describes the entirely structure of the complexifications g C of the real Lie algebras g provided with bi-invariant complex structure. Let c(n) the characteristic sequence of the complex nilpotent algebra n ( [A.G.] ). It is defined by
with c(X) = (c 1 (X), ..., c k (X), 1) is the sequence of the invariants of similitude of the nilpotent operator adX. We deduce that
As the Jordanisation of the nilpotent operators adX doesnot depend of the field of scalars, we have 
Corollary 3.2 It does not exist bi-invariant complex structure on filiform Lie algebras.
In fact, the characteristic sequence of a filiform Lie algebra is (2n − 1, 1). Then it does not exist bi-invariant complex structure on a filiform Lie algebra.
Let be {U j } and {V j } the basis of the complex ideals I and σ(I). Respect to g, we can write
Suppose that I admits a real basis. In this case we have
Then the previous relations show that g = g 0 ⊕ g 1 , and
which gives a structure of Z 2 -gradred Lie algebra on g.
On the classification of nilpotent Lie algebras with biinvariant complex structures
If g is a 2n-dimensional real nilpotent Lie algebra with a bi-invariant complex structure, then g C = I ⊕ σ(I). Then the classification of associated complexication g C correspond to the general classification of complex nilpotent Lie algebra I. In this time we know only these classification up the dimension 7, and for special classes up the dimension 8. So we cannot hope present a general list of these Lie algebras. In [S] we can extract the list of the 6-dimensional case. From [A.G.] , we can present the classification of the complexification g C of nilpotent real Lie algebras with bi-invariant complex structure up the dimension 14. Here we will present briefly the classification in the real case up dimension 8.
In fact g C = I ⊕ σ(I) and I is an abelian ideal.
is isomorphic to h 3 ⊕ h 3 where h 3 is the Heisenberg 3-dimensional Lie algebra.
Let us note that the real nilpotent Lie algebra h
then every isomorphism J which commutes with adX for every X satisfies J (X 3 ) = αX 3 and J (X 6 ) = βX 6 . As J 2 = −Id, we can have α 2 = β 2 = −1 and α, β ∈ R.
3. The Lie algebra g 2 6 is 2-step nilpotent and it is a Lie algebra of type H (see [K] ).
3.3 On the classification of solvable Lie algebras with biinvariant complex structures
As there is, up an isomorphism, only one 2-dimensional non nilpotent solvable Lie algebra noted r 2 2 . It is defined by [X 1 , X 2 ] = X 1 . This Lie algebra doesn't have bi-invariant complex structure. Then if g admits such a structure then dim g ≥ 4. -
In the last case, any bi-invariant complexe structures satisfy
Its complexification r 2 4C is isomorphic to r 
Non Existence of invariant complex structures on nilpotent Lie algebras of maximal class
In section 3, we have recalled the definition of nilpotent Lie algebra of maximal class (or filiform Lie algebra).The simplest example is given by the following n-dimensional Lie algebra, denoted L n :
other non defined brackets being zero. Let n be a n-dimensional filiform Lie algebra. There exists a basis which is adapted {X 1 , X 2 , ..., X n } to the flag
≥ 1, and which satisfies :
The change of basis Y 1 = X 1 , Y i = tX i , i ≥ 2, t = 0 shows that this Lie algebra is isomorphic to the following :
Let us note by µ 0 the Lie algebra law of L n and µ t the previous Lie algebra law.
We have
We can interpret this identity saying that The fact that µ t is a Lie algebra law is traducced by : Proof : Let T be a vectorial isomorphism of the real vector space L 2n satisfying the Nijenhuis condition :
Invariant complex structures and filiform Lie algebras
where [, ] is the bracket of L 2n . Consider the basis {X 1 , ..., X n } of L 2n given in the previous section :
we obtain
where
The nilpotency of L 2n implies that the constant a which appears as an eigenvalue of ad(T (X 2n−1 )) is zero. Then
This implies that
As T is non singular, necessary we have
with a 11 = 0. The condition T 2 = −Id implies a 2 11 = −1. As a 11 ∈ R, this gives a contradiction. Thus T (X 2n ) ∈ Z(L 2n ) = R{X 2n }, this gives T (X 2n ) = αX 2n . As above, we can conclude α 2 = −1. This case is also excluded and the proposition is proved.
We will show that the non existence of invariant complexe structure on the model filiform L 2n is always true in any deformation of this algebra.
Theorem 4.3 It does not exist invariant complex structure on any filiform real Lie algebra.
Proof. Let g be a 2n-dimensional real filiform Lie algebra and let g C be its complexification. If there a complex structure J on g, then g C admits the following decomposition
where g 1 is a n-dimensional sub-algebra of g C and σ the conjugated automorphism. As the Lie algebra g C is filiform, there is an adapted basis {X 1 , .., X 2n } satisfying
In particular we have
The ordered sequence of the dimension of Jordan blocks of the nilpotent operator adX 1 is (n − 1, 1). A such vector is called characteristic vector. If not g 1 ⊂ C{X 2 , .., X 2n } and σ(g 1 ) ⊂ C{X 2 , .., X 2n }. This is impossible. Thus g 1 or σ(g 1 ) is a n−dimensional complex filiform Lie algebra. As g 1 and σ(g 1 ) are ismorphic Lie algebras, the 2n−dimensional filiform Lie algebra appears as a direct vectorial sum of two n-dimensional filiform Lie algebras. We shall prove that it is impossible. More precisely we have Proposition 4.6 Every 2n−dimensional complex filiform Lie algebra with n ≥ 3 cannot be vectorial direct sum of filiform sub-algebras of dimension n.
Proof of the proposition. Let g C be a filiform Lie algebra of dimension 2n such as g C = g 1 ⊕ g 2 . From the previous lemma, one of them for example g 1 contains a characteristic vector. This implies that g 1 ∩ C{X 2 , .., X 2n } = g 1 ∩ C{X n+1 , .., X 2n }. As g C = g 1 ⊕ g 2 , then g 2 ⊂ C{X 2 , .., X 2n }. But from ( * ) this is impossible as soon as n > 2.
The case of the dimension 4 can be treated directly. There exists only one, up an isomorphism, 4-dimensional filiform Lie algebra. It is the algebra L 4 and we have seen that this algebra is not provided with invariant complex structure. On the other hand, L 4 can be decomposed into a vectorial sum of two abelian sub-algebras.
Consequence.
Let J be an invariant complex structure on a Lie algebra g. Let us note by µ the law (the bracket) of g and let us consider the cohomology of Chevalley of g. The cobord operator is denoted by δ µ .
Proposition 4.7 We have
where µ J is the law of Lie algebra, isomorphic to µ, defined by
In fact the Nijenhuis condition is written :
that is, as J 2 = −Id
Corollary 4.8 If g is a filiform Lie algebra, it exist no 2-coboundaries for the Chevalley cohomology of g such as
5 On the classification of complex structures on solvable real Lie algebras.
In [O] , the problem of this classification is tackled. We can find the complete classification of real solvable Lie algebras provided with a complex structure when the commutator is of dimension 3. Using the classification of Dozias (see
, we can complete this list for all real solvable Lie algebras of dimension 4.
Proposition 5.1 Every 4-dimensional solvable real Lie algebras of which derived sub-algebra is of dimension less than 3 provided with an invariant complex structure is isomorphic to the one of the following :
The notation are given in the proposition 1.1.2 p 182 of [B.C.D.L.R.V]. Let us note that the cases studied in [O] correspond to the Lie algebras g 4,5 (α, β) with −1 < α ≤ β < 0 or (−1 ≤ α < 0 and 0 < β ≤ 1) or (0 < α ≤ β ≤ 1), g 4,6 (α) with α = 0, g 4,7 , g 4,8 (α, β) with α > 0, g 4,9 (α) with 0 ≤ α ≤ 2, α = 1, g 4,10 , g 4,11 (α) with α ≥ 0.
Proof of the proposition. The cases (g 1 ) 4 and g 4,2 have been studied in the section 3.3. They correspond to the Lie algebras provided with a bi-invaraint complex structure. For every Lie algebras described in the classification of [B.C.D.L.R.V] we give an explicit complex structure when it exists.
-g 1 × g 3,1 . The brackets are given by [X 1 , X 2 ] = X 3 (other brackets are zero) and the isomorphism J(X 1 ) = X 2 , J(X 2 ) = −X 1 , J(X 3 ) = X 4 , J(X 4 ) = −X 3 is a complex structure.
-
is an invariant complex structure.
-g 4,3 : it is a filiform Lie algebra. There is no invariant complex structure.
Suppose that the matrix of J is in the basis {X 1 , X 2 , X 3 , X 4 } :
If c 1 = 0, then J(X 4 ) is in the space generated by X 3 and X 4 , thus d has no complex structure.
We shall prove that these algebras admit invariant structure if and only if α = 1. We conserve the above notation for the matrix of J. The Nijenhuis conditions imply : 
Then b 1 = 0 and a 1 is a real eigenvalue of J this is impossible, or d 2 = d 3 = 0 and d 4 is a real eigenvalue. Thus if α = 1 we have not complex structure. Suppose
If d is written a 1 d 2 (X 2 + X 3 ) = d 2 J(X 2 + X 3 ).
As d 2 cannot be zero, a 1 is an eigenvalue and this is impossible. The Lie algebra g 1 × g 3,3 is not provided with a complex structure.
-g 1 × g 3,4 (α) with α ≥ 0 : [X 1 , X 2 ] = αX 2 − X 3 , [X 1 , X 3 ] = X 2 + αX 3 . We will prove that there is no complex structure. The proof is quite similar to the previous. We summarize it. This is impossible. This Lie algebra cannot have invariant complex structure. Note: The verification that the given isomorphisms J are complex structure is easy. In fact let J an isomorphism of g satisfying J 2 = −Id and consider
